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Robust Colocated Control for Large Flexible Space Structures
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Systems Control, Inc. (Vt), Palo Alto, Calif.

and

N.K. Guptat
Integrated Systems, Inc., Palo Alto, Calif.

Closed-loop performance properties of a large flexible space structure with colocated actuators and sensors
are examined. It is shown that when an output feedback gain matrix is chosen as symmetric negative-definite, a
linear quadratic optimization (LQ) problem can be stated and solved in closed form via an inverse optimal
control formulation. The known properties of this LQ problem guarantees the stability of the closed-loop
system. It is further shown that the closed-loop system remains stable in the presence of certain parameter
variations. These robustness properties include also the effect of truncated modes on stability. The un-
derstanding of the specific output feedback controller, offered through the inverse optimal control solution,
tends itself to a design procedure that selects the output feedback gain matrix in an iterative manner.

I. Introduction

HE active control of large space structures (LSS) has

become a topic of major concern and interest in recent
years (see, for example, Refs. 1-3), because mission per-
formance is greatly affected by the structural flexibility after
deployment. This flexibility problem has moved to the
forefront of design concerns due to the extremely large
physical dimensions envisioned for future space structures.

The modeling process of these space structures is greatly
affected by their size which results in a mathematical model of
high dimension. To expedite numerical solutions, this model
is reduced in size to yield the desigh model. An important
problem to be resolved is the effect of control, derived from
the reduced-order model, on the higher-order model; this
problem is known as the ‘‘control spillover.”” 4

Increasing the low natural damping of the flexible structure
is one of the main requirements of an active control system.
One of the simplest forms of implementing this requirement is
through rate feedback controllers where the actuators and
sensors are placed together (colocated). For a system with a
single input it can be shown that this form of a controller will
result in a stable closed-loop system.

In this paper we are concerned with finding the general
properties of an output feedback gain matrix that will result in
‘a closed-loop stable system where the actuators and sensors
are colocated. The approach taken toward this problem is
through an inverse optimal control formulation.# This, in
turn, allows us to use the well-studied properties of the linear

- quadratic (LQ) regulator for the stability problem at hand.

In Sec. II we state the problems to be treated, Sec. III
presents the inverse optimal control problems and its solution,
Sec. IV describes some specific properties of this solution, and
Sec. V considers its robustness properties. In Sec. VI we
construct a design procedure based on the theoretical
development of the previous sections, and Sec. VII presents a
numerical example.
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II. Problem Statement
The generalized colocated control problem is concerned
with finding a stabilizing output feedback control law where
the actuators and sensors are placed together (colocated).
Neglecting the low natural damping of the flexible system, the
finite-order linear oscillatory system is described through

x(t) =Ax(t) +Bu(t)

0!I, 0
_____ do B=|--———
—A, 0 ] B,

and A, is an n X n symmetric positive-definite matrix, B, is an
nxm matrix of full rank m(m=<n), and I, is the nxn
identity matrix. The output vector y is obtained then through

(x€R?", ueR™) 1)

where

%)

y(1)=BTx(1) (YER™) &)
The state vector x of the system described in Eq. (1) is defined
by

x214.4] @
where g and g are generalized displacements and velocities
respectively. Using the output vector y in implementing an
output feedback control law will result in a velocity (rate)
feedback only due to the structure of B in Eq. (2). This is an
important property of colocated controls for systems
described as in Eq. (2); it will be exploited in deriving the
analytical foundations for the design procedure.

Consider now the case where Egs. (1) and (2) describe a
single-input single-output (SISO) system. Then, it can be
shown that the use of a colocated rate feedback control will
result in an eigenvalue shift to the left in the complex plane
(increased damping). The proof of this property is based on
Jacobi’s formula for eigenvalues perturbations and the modal
structure of the system in Egs. (1) and (3).? Can the stability
properties of colocated rate feedback control be extended for
multi-input multi-output (MIMO) systems?

Another problem associated with the model described in
Eqgs. (1-3) is that of large dimensionality. This dimension
depends on the fineness of the grid used in the application of
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the finite-element method. Usually, however, the dimension is
quite large and some order reduction is required to facilitate
numerical solutions. This reduction in order will result in
modes that are truncated from the final model used for
design. The effect of the control derived from the reduced-
order model on the truncated modes (‘‘control spillover’’4) is
of extreme importance when evaluating the selected control
law.

The specific problems to be addressed in this paper are the
following:

1) What are the general properties of the stabilizing output
feedback gain matrix? This control law is given by

u(t)=Ky(r) (u€R™) &)

2) To what extent, if any, are closed-loop stability
properties affected by truncated modes?

3) How are closed-loop stability properties affected by
parameter variations (or uncertainty) in system matrices?

Problem 1 will be answered through an inverse optimal
control problem formulation to be presented next.

II1I. Inverse Optimal Control Problem
The first problem stated in Sec. Il is concerned with the
general properties of the stabilizing output feedback control
law. Suppose we have such a stabilizing control law. The
question we ask now is under what conditions is this control
also optimal in the sense that

J= S:[xr(t)Qx(t)+uT(t)Ru(t)]dt ©)

is minimized. This problem is known as the inverse optimal
control problem, whereby one starts with a control and finds
for what Q and R matrices Eq. (6) assumes a minimum.

The motivation for looking at this formulation stems from
the fact that the solution properties of this LQ problem have
been studied extensively (see, for example, Ref. 6). If the
given control law is optimal for the problem in Eq. (6), then

u*=Ky=—R~!BTPx %)

where P is the 2nXx2n positive-definite solution of the
algebraic matrix Riccati equation (ARE) given by

PA+ATP—PBR-'BTP+Q=0 O ®

The inverse optimal control problem is, therefore, the
following. Given an admissible (i.e., stabilizing) rate feedback
control law find for what, if any, weight matrices Q and R,

the ARE in Eq. (8) is solved.
Let the 2n X 2n symmetric P and Q matrices be partitioned

as

P]I i P12 QII i 0

P=|-mme Foo-o- Q= |-~ Foomm-- ©)
PTZ : P22

Then from the ARE in Eq. (8), we find

P —AgPy—P,ByR~!BIP,,=0 (10)
P;Ag+AgPT,+P;,B,R'BIP;,=0Q,, an
PyByR~!BIP,,—P,P],=Q,, 12)

Since a rate feedback control law is used, we find from Eq.
(7) that

BIP,=0 (13)
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Therefore, P,, can be expressed as

P,=N,®NT (14)

where
BIN,=0 15)
$=3T>0 16)

The nxn matrix P, as given in Eq. (14) is symmetric and,
from Eq. (16), positive-semidefinite. The latter condition is
required to satisfy Eq. (11) since ( —A,) is a stable matrix.

By observing Eq. (12) it is easy to verify that for a dynamic
system under a rate feedback control law, the n X n matrix P,,
in Egs. (10-12) has to satisfy

P,,=0 an

Since P,, =0, the resulting 2n x 2n matrix P that solves the
ARE will be a block diagonal matrix. This motivates the
following form for the matrix P to be checked as a possible
solution of the ARE. Let

P=oB(BTB) /BT + NENT (a>0) (18)

where
BTN=0 (NeR?x (2n=m) ) 19)
NTN=Ign_m (20)
E=E">0 (E€R (2r=mx (2n—m) Q@1

Is is clear that P in Eq. (18) is symmetric. To show that it is
also positive-definite we note that

PB=aB 22)
PN=NE (23)

Therefore, B and N are right eigenvectors of the matrix P
corresponding to positive eigenvalues; therefore, P is positive-
definite. Similar results are obtained for left eigenvectors.

Using the form for P as given in Eq. (18) the ARE can be
written as

PA+ATP-a?BR-'BT+Q=0 (24)

Since

011,
S S (NyeRx(n=m) ) (25)
N,\ 0
where No is chosen such that
BIN,=0 (26)
NIN,=I,_,, @n
Let the symmetric matrix E in Eq. (18) be partitioned as
follows
E, \E, | Jn—m
Y B 28)
E] | E; }n
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It can be shown (see the Appendix for details) that a
necessary and sufficient condition for P in Eq. (18) to solve
the ARE in Eq. (8) is that

0, 0

(o T R S (9)
0la?B,R B}
oA, 1 0

E=|--—--—-- - 30)
0 a4, ]

The 2n X 2n positive-definite solution matrix Pis given by

ad, | 0 ]

P= |- e (31)
0 o, ]

Once the solution to the ARE is obtained, one can find the
optimal control as well. The case under consideration in this
paper is that where the sensors and actuators are colocated.
Therefore, it is easily verified that when the output feedback
control law is chosen as

u=Ky (32)

where K is a symmetric, m X n negative-definite matrix and

Table1 Summary of Sec. III

Given:
xX(t)y =Ax(t) +Bu(t) (x€R?", ueR™)

u(t) =KBTx(t) (ratefeedback)

K=KT<(0 (agiven gain matrix)

0 i1, 0
A= |-----Z .i____ B=}---—- A0=Ag>0
—A, 0 B,

x2q,q17 x(0) =x,
Problem:

For what Q and R matrices is u the optimal control for a
linear quadratic objective function given by

J* =minS:(xT(t)Qx(t) +uT(HRu(t))dt

Solution of Ricatti equation:

Input penalty matrix:
R=—aK~!

State penalty matrix:

0 0
Q: —-———-} _____________
0 | a’B,R~'B]
Optimal cost:

J*=xIPx,=a(qlA,q,+1g,12)
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the output is given through

y=BTx (33)
then
R=-ok~! (34)

is the m X m control penalty matrix of the quadratic objective
function

J= S:(xTQx+uTRu)dz (35)

The results of this section are summarized in Table 1.

IV. Solution Properties

In Sec. II, we stated that the closed-loop system with
colocated sensors and actuators under a scalar input is stable.
The proof was based on Jacobi’s formula for eigenvalue
perturbations. The solution obtained in the previous section
can be used to prove the closed-loop stability properties of the
system under the control law derived in Eq. (32), which will
extend the known colocated control properties to include the
multivariable case.

The stabilization of a linear system by pole-placement via
state feedback requires the system given by

X(t) =Ax(t) +Bu(t) (36)

to be fully controllable. ! (This requirement can be relaxed to
that of stabilizability.!!) This is an important structural
property that will be assumed for the system under con-
sideration. '

It is well known® that if Q=LTL, where (A4,L) is an
observable pair, then the ARE has only one positive-definite
solution, P, and the optimal control yields an asymptotically
stable closed-loop system. In the case discussed in the
previous sections, we have

O=LTL 37
where the m X 2n matrix L is given by
L=1[0,aR~%B]} (38)

It can be verified that if (A,B) is a controllable pair, R and
A, are symmetric positive-definite matrices and a0 then
(A, L) is an observable pair.

Note: This observability property shows that a system
under the control given by Eq. (32) will be asymptotically
stable.

The results obtained thus far can be used to yield a physical
interpretation of the solution to the inverse optimal control
problem.

Since the state vector x is partitioned according to
x=1{q,4]7, the optimal performance is written as

J*=min{J, +J,] 39)

where
J=a? SO qTB,R ~'B[qdt (40)
J,= So uTRudt 41)

The interpretation suggested above is that the cost functional
is the total energy of the system. The term contributed by the
state is the kinetic energy where

E=q"Mq 42)
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and the ““mass’’ M is given by
M=a?B,R B} (43)

Also, the use of velocity feedback where the actuators and
sensors are colocated results in an LQ problem where only
kinetic energy is weighted. (The term *‘kinetic energy’’ is used
because of the form of Eq. (40), a quadratic functional of
velocity; this is not, however, the true kinetic energy of the
structure).

V. Robustness Properties

As mentioned in Sec. II, one of the problems associated
with modeling large flexible space structures is that of
truncated modes. The matrix describing the dynamics of the
flexible system, given by Eq. (3) has eigenvalues distributed
on the imaginary axis. The process of mode truncation is
carried out by ignoring eigenvalues that are far from the
origin on the imaginary axis (high frequencies). Analytically,
the problem of mode truncation is as follows. Let the full-
order finite linear systemt be described by

X(t
O {‘___Z_J
Xr(t)

2+ | B, | u(ty (44)

where the subscript T stands for the part of the system to be
truncated. The output used for control is given by

y(t)=Blx (1) +Blxr(1) (yeR™) (45)

The matrix A, contributes to the full-order system fre-
quencies higher than those contributed by A, and, therefore,
can be truncated to yield the reduced order model described

by
0 1, 0
()= { ------ :-----} x(1) + {w}u(t) (46)

0

The first robustness result can now be stated.

Theorem 1: The full-order system described in Eq. (44)
under the control

u(t) =Ky(1) ~K=-KT>0 @n

and y given by Eq. (45), will remain stable for every 4,
provided that (A,,B,), (A,,B) are controllable pairs.

Proof: Using the control as derived from the reduced-order
system results in the full-order system assuming the form
given by

+The real flexible system is described through a second order PDE
(wave equation). In linear form, the flexible system is of infinite
dimension. Equation (44), therefore, considers only a finite number of
these modes.
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The solution to the inverse optimal control problem and the
controllability of the system indicate that this system will be
asymptotically stable provided (A4,,B,) and (A,,B;) form
controllable pairs. ™

This result shows how the inverse optimal control solution
can be put to use to answer the question of control spillover.4

Observing the derivation of the inverse optimal control
solution we can arrive at the second robustness result. This
result shows how stability properties of the closed-loop system
are affected by parameter variations in the system matrix 4.

Corollary: Consider the dynamic system described in Eq.
(46) and where the nxn matrix A, can have uncertain
parameters that belong to a certain set. Applying the output
feedback control of Eq. (47) will result in a stable closed-loop
system for every A, in the given range of possible parameter
variation provided A, is always symmetric and positive-
definite over its entire range. [ ]

This property holds true since the solution of the inverse
optimal control problem requires A, to be positie-definite but
its exact value is not required. As long as K is chosen as a
symmetric negative-definite matrix stability properties are
insured. The value of the cost functional will, of course, vary
with different 4,.

Remarks: 1) in the case when A, is a positive-definite n x n
matrix, the above result guarantees stability of the closed-loop
system provided that 4, remains positive-definite over all
possible variations. 2) The stability problem of colocated
controllers was also discussed in Refs. 12 and 13, although
from a different approach.

VI. Design Procedure

It was shown above that the solution of the inverse optimal
control problem results in a state weighting matrix given by

0! 0 48)

In practice, however, one starts the design procedure by
specifying the weighting matrices rather than obtaining them
as an end result. This specification results from the per-
formance levels the system is required to achieve.

The use of low-authority controllers (colocated sensors and
actuators) to date was concerned mainly with the question of
stability. The results obtained above allow us to extend the
scope of these controllers beyond that of stability.

Let the state weighting matrix Q, be specified as

010
0= {} 49)

where Q, is any n X n symmetric positive-semidefinite matrix.
Given Q as in Eq. (49), the design is concerned with solving

—aB,KBT=0Q, (50)

for the symmetric gain matrix K.
If the n X n matrix B, is square and nonsingular, i.e., n=m,
then the required gain is obtained from Eq. (50) as

K=—(1/a0)B;'Q,(B}) ~! (51)

In practice, however, one finds that m <» in which case Eq.
(51) will not be available. A valid assumption that can still be
made is that B, is of full rank equal to m.

In this case we can solve Eq. (50), so that the solution is
approximate in the least-squares sense. Let

J=tr[(Q,+aB,KBT) (Q,+aB,KB}) T] (52)
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then, setting

Q = 53
0K lk=k" (53)
we find
1
K== (2)(BIB) ~1BIOB, (BB 1 (54

Remarks: 1) Since Q, is positive-definite, and a>0, the
gain matrix obtained in Eq. (54) is symmetric negative-
definite as required. 2) Since the objective function of Eq. (52)
is convex, the gain matrix of Eq. (54) is globally optimal.

Using the gain as given in Eq. (54) for the control of the
system in Eq. (2) through the application of Eq. (6) will result
in a solution of an inverse optimal control problem where the
actual state weighting matrix is given by

i 0, 0
o= {} 55)
0} 0

Q*=8B,(B[B,) ~'BQyB,(B{B,) ~'Bf (56)

and

The actual weighting matrix Q* of Eq. (56) can be rewritten as

0*=CQ,C 57
where

C=B,(BlB,) ~!Bf=CT (58)

The design procedure is concerned with specifying Q, so
that the resulting Q* as given in Eq. (57) will approach a
desired weighting structurei.e.,

Q*=Q, (59

The above discussion can be summarized into a numerical
procedure.

The numerical procedure is motivated by Eq. (59). The
matrix Q, is the design matrix to be chosen in an iterative
manner until system’s closed-loop performance is acceptable.

JA
N
i

Fig. 1 The CSDL example structural model.
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The procedure is as follows:

Step 1. Read A,,B,,Q,,m,n, and .
Step 2. Set k=1,0, =Q,,D=B,(BIB,) -, and C=DB].

Step 3. o*=CQ,C Ki=-(1/a)DTQ,D
o I,
Find eigenvalues of t------f~---------
—Ay | B,KB]

Step 4. If eigenvalue distribution is acceptable (damping
ratios, frequencies, etc.) go to step 5; otherwise
find the diagonal difference of Q* and Q,:

vi=Q*(51) ~Q (4,1) (I<isn)
then
Qk+1(i;i)=Qk(i)i)‘.(ngn('Yi) (£>0)

ask—k+1.Goto step 3.
Step 5. STOP.

Remarks: 1) The choice of the parameter {; can be varying,
depending on present eigenvalue distribution. 2) The ter-
mination of this numerical procedure is dictated by
engineering judgment rather than convergence properties.

This numerical procedure is used in the next section to
design a controller for a flexible structure (a pyramid).

VII. Generalized Colocated Control Design

The flexible structure considered in this example was
recently designed by K. Soosaar and R. Strunce of the Charles
Stark Draper Laboratory (CSDL). This structure consists of a
tetrahedral truss supported on the ground by three right-
angled bipods (see Fig. 1). Elastic flexibility of truss members
is assumed to be in an axial direction only. This structure can
be described by a model having 12 structural modes due to the
three degrees-of-freedom of each of the four vertices.

Table2 Cross-sectional areas

Truss element no. Area

D 00~ ON W AW N =
—

——
-0

—
228
080

Table 3 Structural node coordinates

Node X Y V4
1 0.0 0.0 10.165
2 -5.0 —2.887 2.0
3 5.0 —2.887 2.0
4 0.0 5.7735 2.0
5 -6.0 —1.1547 0.0
6 -4.0 —4.6188 0.0
7 4.0 ~4.6188 0.0
8 6.0 —1.1547 0.0
9 2.0 5.7735 0.0

10 ~2.0 5.7735 0.0
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Table4 Design iterations

Iteration 1 Iteration 2

Iteration 3 Iteration 4 Iteration 5

Open-loop
. frequency Weighting ¢, % Weighting  {, % Weighting ¢, % Weighting  §, %  Weighting {, %
1.34 10 0.55 100 0.97 100 1.12 200 1.66 400 2.56
1.66 10 2.1 100 4.43 100 4.4 100 3.99 200 5
2.89 0 0.62 0 1.4 0 1.73 0 2.47 0 34
2.96 10 7.4 10 29.7 10 36 S 29.2 4 60.4
3.39 10 25.8 4 4.63 10 8.15 8 8.02 10 5.8
4.21 0 7.72 0 5.23 0 10.87 0 10.3 0 13.8
4.56 0 0.61 0 22,5 0 25 0 29.97 0 61.6
4.75 0 3.84 0 0.83 0 0.83 0 0.98 0 1.3
8.54 0 6.26 0 16 0 17 0 16.04 0 26.7
9.25 0 2.82 0 1.07 0 1.16 0 1.18 0 0.79
10.3 0 1.84 0 0.93 0 1.96 0 1.64 0 2
12.9 0 0.33 0 0.22 0 0.34 0 0.31 0 0.33

The stiffness properties of the structure are expressed in
terms of cross-sectional areas of truss members. These areas
are given in Table 2. Node coordinates are given in Table 3.
Analytically, the structure is described through

0 1, 0
X= |-=--—t-~=| X + p----1 u
—A4,1 0 B,

A, =diag [1.8, 2.7, 8.36, 8.75, 11.5, 17.7, 21.7, 22.6, 72.9,
85.6, 106, 167]

where

[ —0.023 ~0.067  —0.439
~0.112 0017  0.069
~0.077 0271 0.046

0.189 ~0.050  —0.249

0.156 ~0.049  0.351

~0.289 0289  —0.289

Bo=1 om0 ~0.369  —0.049
0.365 0.299  —0.069

~0.229 0250  0.231

0.167 ~0.150  —0.317

~0.145 0.146  —0.220

0.025 ~0.013  0.114

The matrix Q, to be used in the design procedure outlined
in Sec. VI will be taken as a diagonal 12 x 12 matrix.

In the design iterations presented in Table 4 the diagonal of
the matrix Q, will be selected. Using the design procedure
outlined in Sec. VI, the resulting closed-loop eigenvalue
system and its damping ratios can be found.

To illustrate, the symmetric negative-definite output
feedback gain matrix for the last iteration of Table 4 is given
by

-12.426 -0.506 3.129
K= —0.506 —7.591 -5.199
3.129 -5.199 —12.822

VIII. Conclusion

The closed-loop performance properties of a large flexible
space structure have been considered. It was shown that when
actuators and sensors are colocated, a negative-definite
symmetric-output feedback gain matrix will result in a stable
closed-loop system. Further, it was shown that these stability
properties are not affected by truncated modes and by
parameter variations. A design procedure was presented with
a numerical example. This design procedure seeks, in a
systematic way, the gain matrix to be used in the controller.
The search itself is among a set of robust gain matrices which
is the underlying property of this design procedure. In ad-
dition, treating the colocated controller from the modern
control theory point of view allows better understanding of
the problem. In particular, one can see what class of op-
timization problem is achievable with this class of controllers,
which goes beyond the question of stability alone.

Appendix: Proof
Sufficiency:

0! 0 ad,! 0
P=| oo I RO S
0| aB,(BIB,) ~'B) 0 | aN,NT

we get

and, from Eq. (24)

. 0
Q=a?BR~'BT—PA-ATP= {0}

Necessity: From Eq. (24)

Q=a?’BR-!B-PA-ATP

NoE, | B,(B}B;) 'BI+N,E,N,
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we find

{ EIN,A,+A,NIE,
[aB,(B]B,) "'Bl+N,E,NJ1A,~E,

Since Q is block diagonal, then, using Eqgs. (46) and (17), we find

E,=al,

—-m
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SPACE SYSTEMS AND THEIR INTERACTIONS WITH
EARTH’S SPACE ENVIRONMENT —v. 71

Edited by Henry B. Garrett and Charles P. Pike, Air Force Geophysics Laboratory

This volume presents a wide-ranging scientific examination of the many aspects of the interaction between space systems
and the space environment, a subject of growing importance in view of the ever more complicated missions to be performed
in space and in view of the ever growing intricacy of spacecraft systems. Among the many fascinating topics are such matters
as: the changes in the upper atmosphere, in the ionosphere, in the plasmasphere, and in the magnetosphere, due to vapor or
gas rcleases from large space vehicles; electrical charging of the spacecraft by action of solar radiation and by interaction
with the ionosphere, and the subsequent effects of such accumulation; the effects of microwave beams on the ionosphere,
including not only radiative heating but also electric breakdown of the surrounding gas; the creation of ionosphere ‘‘holes”
and wakes by rapidly moving spacecraft; the occurrence of arcs and the effects of such arcing in orbital spacecraft; the
effects on space systems of the radiation environment, etc. Included are discussions of the details of the space environment
itself, e.g., the characteristics of the upper atmosphere and of the outer atmosphere at great distances from the Earth; and
the diverse physical radiations prevalent in outer space, especially in Earth’s magnetosphere. A subject as diverse as this
necessarily is an interdisciplinary one. It is therefore expected that this volume, based mainly on invited papers, will prove of
value.
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